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The investigation of periodic solutions of the equations of motion of a
viscous fluid is of much interest. Such solutions of the Oseen approxi-
mation have been studied in the work of Lin[6 ],

The differential equation

dv __ 9%y

v
5;-+-05; bos (0.1)
was first introduced by Burgers as & simple model for the equations of
motion of a viscous fluid. In [ 1] some particular solutions of this
equation are found. In[2,3 ] the general properties of Equation (0.1)
are investigated, and it is shown that with the help of a certain sub-
stitution it can be reduced to the equation of heat conduction; also,
the proof is given for the existence and uniqueness of the solution of
the problem with given initial conditions.

Below we examine the solutions of the nonlinear partial differential
equation (0.1), periodic with respect to time (period T).

1. Equation (0.1) may be put in the form

w dw 0w on v
o TG T e ( t2%~v/ o, = “ )(11)

The problem is posed in the following form: to find a periodic solu-
tion of Equation (1.1) in the upper half-plane y > 0, when the values of
the function v are given on the axis y = 0 in the form of a periodic
function of time, and the value of » at infinity is equal to some non-
positive constant

w (0, t) = (1), lmw (y, 1) =we <O (1.2)

We shall assume that )(t) is continuous and can be developed in a
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Fourier series with coefficients of the order 1/k"(r > 2)

b () =204 ) (U cos bt + Vi sin k) (1.3)
. k=1
With the help of the substitution
2 du

Equation (1.1) is reduced to the equation of heat conduction

du P
T T (1.9)
Thus, we have to look for a solution of the equation of heat conduct-

ion, satisfying the condition
2 (0 ) = u(0, )y () (1.6)

such that the function w(y, t) defined by (1.4) is periodic with period
2w. We require for definiteness that the function u(y, t) for all y > 0
be essentially positive.

From the condition of periodicity of the function w(y, t), and making
use of the relations (1.4) and (1.5), we obtain for the function u(y, t)
the functional relation (£ is a real constant)

u(y, t + 2a) = exp (—2nD) u (y, ) (.7
The solution of the functional relation (1.7) has the form [ 4 ]
uy, t) = exp(—L) oy, o (1.8)

Here w(y, t) is a periodic function of time with period 2a.

2. We write out the solution of the heat-conduction equation (1.5) in
the form of (1.8)

uly, ) =exp(—00) {f(y. O+

+ D) exp px () y [Axcos (bt — o (D) y) + Brsin (t — 0, (D y)]  2.1)
k=1

; R EY:
Pe(l) = — e o (§) = R
Vaveietry 2
1 _ _
lngcosV;y+~2——Bosinch/Vc for >0
1 1
Iy, g)*!j Ao + 5 By for =10 (2.2)
5 Aveh V=Ey+ 5 Bash V=25 V=F  for £<0




Periodic solutions of Burgers’ equation 1599

From Equations (2.1) and (2.2) it is evident that the quantities
Ay(k=10,1,2, ...) and B(k =1, 2, ...) are the coefficients of a
Fourier-series development of the function w(0, t) = u(0, t) exp ({t).
We now introduce the quantities ap(k =10, 1, 2, ...) and by(k =1, 2,

..), satisfying the equalities

ay = By, Ax = —o0wax + Tby, Br = — war — oxbx  (k=1,2,..) (2.3)
- b v (VETRLL)
“= swrmverern) 0 vl I

Differentiating (2.1) with respect to y, with the notation of (2.2)
and (2.4), we obtain

Mo = e (C W {TEE S Y exp ey laveos (=0 (D y) +

4 b sin (kt — o (D) y)]} (2.5)

Equations (2.5) and (2.2) show that ap(k =0, 1, 2, ...) and b,(k =
1, 2, ...) are Fourier coefficients of the function d w (0, t)/dy.

It is now possible to write out the expression for the function
w(y, t) in an obvious form, making use of Equations (1.4), (2.1), and

(2.5): (2.6)
% + 2 exp py. (§) y [, cos (kt — 0 (§) y) + b, sin (kt — w, (§) )l
w(y, 1) = —2—= ——
f+ D) exppg (€)Y [4y cos (kt — 0, (§) ¥) + Bysin (kt—w, (£) 9)]
k=1

We now show, taking off from Equation (2.6), that condition (1.2) at
infinity can be satisfied. Letting y go to infinity, we have

limw (y, 8) = — 2 1lim 20/ 9 (2.7)
Y->00 Y->00 ay
where
2VEitg (VTy—arcetg Vi (4o/ Bo)y  for >0
_ BInf@ Y 1—2B/ (40 + Buy) for :£=0  (2.8)
dy 2V——€A0V-__C+BU cth ‘,/':Ey
TN TR By+ AV —CethV =ty

for [ <0

It is evident that Expression (2.8) gives a stationary solution of

Equation (1.1) or, in other words, the solution w of the equation
aw d*w

Yy T @ (2.9)
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Letting y go to infinity, in (2.8) we see that for { > 0 a limit for
w(y, t) does not exist, and for { < 0 this limit is equal to

we, = — 2V —1 (2.10)

Thus, for every given w_< 0 the quantity { appearing in the solution
(2.6) is determined from the following formula:

L= — - we? (2.11)

It remains to determine the constants a; and b,. Equating the Fourier
coefficients of the left- and right-hand sides of Expression (1.6)
(making use here of Equations (2.1) and (2.5) for y = 0), we obtain,
under the assumption that A, is arbitrary, an infinite system of linear
equations for ay(k =0, 1, 2, ...) and by(k=1, 2, ...) (from the form
of w(y, t) in (2.6) it is evident that all these constants are deter-
mined exactly, up to the multiplier 1/4,)

[ee)
@ = 2 (@dla, + 'b,) — + AUy (k=1,2,3,...) (2.12)

n=]

by = 21 (1, + 8%,) — T AV (k=1,2,3,..) (2.13)

n=1
where the following notation has been introduced: (2.14)
(kY {1/4611 (UR-HC -+ Uﬁ——n) +1/4Tn (Vn+k —_ Vk—'n) (n< k)
" Yo (Unigr + Uni) +4T Vagr + Vo) (n>k)
" {"‘]/4771 Wangn T Ugg) + 15, Vo — Viy) (n< k)
b= =g g+ Unp) + Y43, Vagr + Vi) (n2> k)
T(k) _ ’ YOm W + Vi) =Y Ui — U ) (n< k)
P T S, Vnr — V) —YaTy Ugp — Upy) (n> k)
6(""’ { - 1f"tn (Vn—Hc + Vk—n) - 1j43nv(Uﬂ+k - Uk—n) {(n< k)
B S 1/‘111 (VH—HC - Vn_k)—llst(Sn (Un+k e Un—k) (n>k)
Then, when the constants a,, b,(k =1, 2, ...) have been found, the

constant a, is determined from the formula
ay=—200 L S\ fa [— 0xlk — Wil =+ by [wUx — oV} (2.15)
k=1

The infinite system of linear equations, (2.12) to (2.13), will be
completely regular [5] if, for all k=1, 2, ...
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N . (2.16)
2+ BRI (I P <t — 8 p<g<y
n=1

n=1

From Equation (2.4) it is easy to see that for all k the inequality
|Tkl+!0ki:1:k+o'li‘<l/-2/k (217)

holds. In view of (2.14) and (2.17), the condition (2.17) is satisfied
if the series

00 [o0]
S +Z[ng=U, D V| =V (2.18)
converge, so that the inequality

U+V V21— (2.19)

1s satisfied.

We shall assume that condition (2.19) is satisfied for the system of
equations (2.12) to (2.13). Then the system (2.12) to (2.13) will be
completely regular, and in order that it have a unique bounded solution
[5]1 (the principal solution, i.e. the solution found by the method of
successive approximations for initial conditions which are zero or arbi-
trary but bounded in total) it is sufficient that the quantities
-AU,/4, -A,V,/4 (k=1, 2, 3, ...) be bounded. But in view of Equation
(1.3) these quantities will be Fourier coefficients of the function
-Ap(t)/4, from which their boundedness follows.

Then with the fulfillment of condition (2.19) it is possible to find
uniquely from the system (2.12) to (2.13) the system of quantities a,
b, which are bounded by a certain constant K. It remains to show that
these quantities can be Fourier coefficients of some function and to
show under what conditions the function u(y, t) for all y >0 and t > 0
remains positive.

3. We shall solve the system of equations (2.12) to (2.13) by the
method of successive approximations. We note that the mth approximation
ak('), bk(.) is found by putting the m — 1lth approximation in the right-
hand side of Equations (2.12) to (2.13):

[e o]
A = N (@Pa"V + BPBTTY) — LA k=12, (3.1)
n=1

B = 3 (Pal T £ 8T — LAV =12, (3.2)
n=1

For the zeroth approximation we take
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O = b =0 (=12 ..) (3.3)

For the first approximation we find from Equations (3.1), (3.2) and
(3.3)

1 ;
o) = — 7 AUk B =~ ANy k=12 (3.4)
We shall consider that the Fourier coefficients of the function ¥(t)
satisfy the relations (with e and f constant)
[UnI<e /e, (Vo< F/nwr r>2) (3.5)

Making. use of Equations (2.4), (2.14), (3.1) to (3.5), it may be
shown that if the condition

(L+2Y(E+F) + @+ 2) (0 + V) <2< 462 Lor- fE )36)

is fulfilled, then the coefficients a, and b, satisfy the inequalities

1 v I 3
lan| < A0 Unl + 2, |ba] <+ Ao|Va] + 5

Ao [0+ 2)(E+F)+ 2+ 2) (U V)] [e+/] 3.7)
8 R—(+2YE+F)—Q+2HVU +ipa '

and therefore can be Fourier coefficients of some function.

4. We shall now show under what conditions the function u(y, t) will
be positive for all non-negative values of y and t. From Equations (2.1)
and (2.2) it is evident that u(y, t) > 0, if for all y > 0

F@ D> S [ 4el+ 1Byl (&.1)
-1

making use of (2.2) it is possible to convince oneself that for { > 0
the inequality (4.1) cannot be fulfilled, that for { = 0 it holds if
‘40 > 0, B, > 0
B> 3 (A + (Bl (4.2)
k=1

and for { < 0 it holds if A; > 0 and, either B, > 0 and (4.2) is satis-
fied, or the inequalities

B, <0,  Plt+1(V]> Z [ 4| + | Be] (4.3)

hold.

It is clear that if By> 0, then since u(0, t) > 0 a given function
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Y(t) must be subject to the condition
2n

(v u© na<o (4.4)
0
Thus, in this case a periodic function ¥(t) must be either negative
or change sign in the interval 0 < t < 27 at least once in such a way
that the inequality (4.4) is fulfilled.

It is easy to see that if the term cd w/dy is added to the left-hand
side of Equation (1.1) (c is an arbitrary constant), then the solution
w+ ¢ of this equation with the condltlons (1.2), with w_< - ¢, has the
form of (2.6), where { = ~ (c + w ) /4, and U, in (2. 12) to (2. 15) must
be changed to U, + 2c.

3. Let us now investigate the inverse problem: to find the solution
w(y, t) of Equation (1.1) when the function

¢ (1) = exp (¢f) 20

oy
is given on 0 < t < 27, where u(y, t) satisfies the heat-conduction
equation (1.5), and, in addition, the value of the function w(y, t) at
infinity is given. Relations (5.1) and (1.8) show that y{t) =3dw(0,t)/dy,
and the constant { is determined from Equation (2.11).

(5.1)

From Equations (1.7) and (5.1) it is clear that the function ¢(t) is
periodic with period 27. Let us develop it in a Fourier series

¢ (1) =3+ 5 (axcos kt + bysin k) (5.2)
k=1
Making use of Equations (2.3) to (2.5), (2.1) and (1.4), we find

w(y, t), the solution of Equation (1.1). Here u(y, t) conserves its sign
if {<0. Forall y>0and t >0, u(y, t> 0 if the arbitrary constant
Ay > 0 and either ay = B, > 0, whereupon inequality (4.2) holds, or for
¢ < 0 condition (4.3) is satisfied. For all y > 0 and t > 0, u(y, t) < 0
if Ay < 0 and either a; = By < 0, whereupon

40

2 [[Ax| + 1 By]] (5-3)
or a; > 0 and -
FI—(2Y] <= S04+ 1Bl (5.4)
k=1

The value y/(t) of the function w(y, t) on the axis y = 0 is given by
Equation (1.2). The coefficients of the expansion of y(t) in a Fourier
series (1.3) can be found by equating Fourier coefficients of the left-
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and right-hand sides of Equation (1.6). Here, as was indicated above, we
consider the constant A; to be arbitrary. For finding the quantities U,

Vp (k=0,1, 2, ...) we obtain the infinite system of linear equations
Uy = Z AU, + pdVe) — ;i’;ak (k=0,1,2,..) (5.5)
n=0
Vi =3 EPUn+ nVp) — }Obk k=1, 2,..) (5.6)
n=o
Here

(71 [ck-{-nak—i—n - Tk+nbk—}—n + Sk —n—m ‘rk—nbk—n] (n < k) (5,7)

A7 (%% tn%n — ThnBhpn + ik — Tn_ibn_sl (n>Fk)

) {‘434[Tk+n“k+n‘F°k+nbk+n“‘Tk—nak—n—‘ck—mbk—n] (n < k)
' AT T g+ SeinPhin T Tno kg + Sn_gbn s (n>k)

[ 407 Cntrnin + niiPnir + “konBhon + Shnbpal (v <H)
L4 [Tn+k“n+k + Sp kb ik — Tk — Sn_ybn il (n>k)

[ Ao [=Oniktntk + Tnikbnir T Sk—nhn — Tanbp_nl (k)
l 0 [*5n+kan+k T Tntkbntk T Onini — Tagbnx] (R >h)

Analogously to this, as was shown in Section 2, it can be shown that
the system (5.5) to (5.6) will be completely regular if the series

converge, whereupon the 1nequa11t;y

C+D< L‘:,zl t—18  ©o<s<) (5.9)

is fulfilled.

The quantities — 4-akA and —4bkA , being Fourier coefficients of
some function, are bounded. It follows that the system (5.5) to (5.6)
determines a unique bounded solution (principal solution). Analogously
to this, as was done in Section 3, it is possible to show by solving the
system of equations (5.5) to (5.6) by the method of successive approxi-
mations that the quantities U, V, can be Fourier coefficients of some
function. For this we assume that

lan | <%\ 15l < <t ezza=2.) (5.10)

If the condition
(1—’,—2’)(H+G)+(2+2r)(A+B)<|A0|/2 (5.11)
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is fulfilled, where

oo oo .
4 =lan|, B=3 bl H:hz_ir_’ G =g
n=1 n=1 !

1
n

M8

n
n

1
we obtain estimates for the coefficients of the series development (1.3)
of the function y(t)
4 4

lUn|<I—AO—I‘anI+ A; IVn|<]"ZO‘|‘lbﬂ|+ A
At [t A+ UoJ[U+2) I+ 6+ @4+ 2)(A+B)] | (5.12)

| ol | Ag| —2[(1 =27 (H + G) + (2 + 2" (4 + B)]

_LU+?HUH}M+H
{ 2 nr

6. From Equations (3.7) and (5.12) it is clear that when conditions
(3.6) and (5.11) are fulfilled the solution a;, b, and U,, V, of the in-
finite system of equations can be found. However, the majorant which we
have investigated is rough. For certain specific problems it is possible
to find much more accurate esti-
mates. From this it is clear
that in general it is possible
to find the corresponding solu-
tions, which need not neces-

sarily satisfy conditions (3.6)
and (5.11).

N Tz 3 5 40 From Equations (1.1), (1.4)
::///:/// // and (1.5), it is easy to see

that condition (3.5), which is

6 here assumed to be satisfied
8”7 ' for the Fourier coefficients of
AN N S~ y(t), indicates continuity of
2.0 -0 0 w all derivatives of the function
vl 1. w(y, t) appearing in Equation

(1.1) and, consequently, of the
continuity of the function
u(y, t) and its derivatives up to the third, inclusive.

By way of illustration let us quote the results of some calculations.
Figure 1 shows the curves for the relation w = w(y) for the case where

¥ (f) = —0.6 + 0.4sint (6.1)

In Fig. 1 the curves 1 to 8 correspond to the values t = 0, n/4, #/2,
17 /8, n, 57 /4, 37 /2, Tn /4. The constant which determines the value
of w at infinity is w_= - 2, so that { = -~ 1 in accordance with (2.11).
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Note that in this example dw/dy < 0 for all values of t when y > 0; the
derivative d%w/dy? changes sign at y = 0 in accordance with Equations

(1.1), (2.6) and (6.1), though
this is hardly noticeable.

In Fig. 2 are given the curves
for the relation w = w(y), when

(6.2)
t Ogtg%_:{

a1

(
| 3
{ ai<In

() =

Iv] - l\,] i

b

da g

o~

< 2n

G

[z~—2n

Two solutions (2.6) for w(y)
are drawn in Fig. 2 for values of
the constant A, equal to 17.3307
and ~17.3307. The curves corre-

spond to pairs of values of ¢, namely:

g
£0—
{—-
5 !
N 5
‘ 3 7| 4
g W
-0.5%/‘70.25 ’ 2z s

Fig. 2.

10, »), 2 {w/3, 47 /3), 3 /2, 32 /2), 4 (27 /3, 57 /3),
5, 0), 6 (47/3, n/3), 7 (3n /2, n/2), 8 (57 /3, 27 /3)

corresponding to the first and second values of 4.

¥

2
AN L

”?{/ /L2
§
PN
08 -0 04 -02 0 w

Fig. 3.

In Fig. 3 the relation w =
w(y) is given for the case

(6.3)

Here A, = 17.3307; the curves
correspond to the values t = 0,
w/3, 22 /3, w, 4nw /3, 57 /3.

Note that in the last two
cases u_ = 0, so that { = 0, in
accordance with (2.11), and the

function uly, t) in (1.4) will be a periodic solution of Equation (1.5).
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